Over the last decade, nonlinear phenomena in low-temperature fuel cells as well as high-temperature fuel cells have been reported in the open literature. Experimental and theoretical studies found multiple steady states as well as periodic oscillations. The present article gives an overview of publications on this subject. Instead of sorting the analyses according to the types of fuel cells, this work used the source of the nonlinearity for classifi cation. In the fi rst part of the contribution, a very simple prototype fuel cell model is introduced. The model helps to give a qualitative explanation of the majority of nonlinear effects reported in literature. It is further used to identify potential sources of nonlinear behavior in reaction kinetics, membrane properties, and mass transport mechanisms. A classifi cation scheme that is based on types of negative differential resistance (NDR) and was originally introduced by K. Krischer in Modern Aspects of Electrochemistry (Vol. 32, p. 1, Plenum Press, 1999) for electrochemical systems is applied to fuel cells. The second part of the work classifi es the fi ndings from literature according to their NDR type. Instabilities resulting not from electrochemistry but from other mechanisms such as water formation and reactant starvation are also discussed.
Introduction
Fuel cells are expected to play an important role in future hydrogen-based energy supply system. As electrochemical energy converters, they allow a direct and effi cient conversion of hydrogen or other fuels into electrical energy. Ongoing activities aim at the implementation of fuel cells in the automotive sector and for stationary energy systems. Furthermore, an early breakthrough of fuel cells for the energy supply of portable equipment is expected.
A meaningful design and an effi cient operation of fuel cells require a comprehensive understanding of the underlying physicochemical processes. Intensive fuel cell research carried out over the last 30 years led to development of fundamental concepts that, in the meantime, have found entry into textbooks and standard works (e.g., Larminie and Dicks 2003 , Vielstich et al. 2003 . However, special attention needs to be paid when the system under consideration exhibits nonlinear operating behavior. The literature on fuel cell since 2000 contains various relevant experimental reports and theoretical predictions on nonlinear phenomena in fuel cells. Among them are several instances of bistabi lity, which can be observed, for example, in proton-exchange membrane fuel cells (PEMFCs) or high-temperature fuel cells, such as the molten carbonate fuel cell (MCFC) or the solid oxide fuel cell (SOFC). Furthermore, oscillatory conditions have been reported especially in polymer electrolyte membrane (PEM) fuel cells. A careful analysis of these studies reveals that the understanding of nonlinear effects in fuel cells is not only of academic interest but is also crucial for improved operation and process design.
Fuel cells possess a great variety of physicochemical phenomena that can result in a nonlinear operating behavior. On the one hand, there are strongly nonlinear rate laws for the electrochemical reactions taking place. On the other hand, transport of charged and uncharged species within the various fuel cell layers follows nonlinear kinetics, considering multicomponent, multidriving force transport mechanisms, and even two-phase fl ow. It is therefore not surprising that effects that seemed to be outliers or fragments in the data of early experimental studies are now the subject of systematic analyses.
Most of the studies on nonlinear effects were observed in PEMFCs, especially in the context of the so-called water management. These works have been summarized a number of times by Benziger (2009a,b) as well as by Promislow (2009) . More general collections can be found in the recent surveys of Bavarian et al. (2010) and Sundmacher (2010) .
The present contribution reviews all relevant works on nonlinear operating behavior of fuel cells. A common property of electrochemical systems showing nonlinear phenomena is a current-voltage curve with a branch exhibiting a negative differential resistance (NDR). The NDR branch can have various origins and types. Instead of sorting the relevant works according to fuel cell type, this review focused on the identifi cation of processes that brought about the NDR branch and on the classifi cation according to the resulting type of the NDR branch.
To make the reader familiar with the concept of the NDR, in the next section, a prototype description of a fuel cell is briefl y introduced. It is then used to discuss the different origins of an NDR branch and to illustrate different NDR types. Based on this scheme, in the following section, an overview is given on the experimental fi ndings and the theoretical predictions of the last decade within the fi eld of nonlinear operating behavior of fuel cells. The article closes with a summary, a brief outlook, and some remarks on the technical relevance of the single fi ndings.
Classifi cation scheme and prototype model
The purpose of this section is to derive and discuss a prototype model that can then be used to classify and explain the manifold experimental fi ndings and theoretical predictions.
Nonlinear behavior of chemical or biochemical systems, such as steady-state multiplicity or autonomous oscillations, can be typically traced back to the existence of autocatalytic loops or self-inhibition within the system under consideration and has been studied extensively over the last decades (e.g., Pismen 1980 , Balakotaiah and Luss 1982 , 1984 , Razon and Schmitz 1987 . In contrast to chemical or biochemical systems, electrochemical systems possess an additional electrical input-output pairing, which enables an easy access to the study of nonlinearities in such systems. The electrical input-output behavior is characterized by the current-voltage characteristics of the system ( iU curve in short):
Both the cell voltage, U (in V), and the current density drawn from the system, i (in A·m -2 ), are easily accessible in experiments. Therefore, measurement and analysis of relation (1) are one of the standard techniques in electrochemistry. Furthermore, in the case of electrochemical energy converters, such as fuel cells, the current-voltage curve plays an important role in the proper design and effi cient operation of such systems. Regardless of some exceptions that might exist, it can be stated that all relevant phenomena occurring inside an electrochemical system project a corresponding image into the system ' s current-voltage curve.
As was pointed out earlier (e.g., Krischer 1999 Krischer , 2003 , nonlinear phenomena occurring in electrochemical systems leave a clear fi ngerprint in the current-voltage characteristics. In particular, they manifest themselves in a branch of the iU curve with an NDR. In case of a fuel cell, the differential resistance, r diff (in Ω ·m 2 ), can be defi ned as follows:
In other words, r diff is the negative slope of the iU curve at a certain current density (Figure 1 A) . If the current-voltage curve is known, the numerical value of the differential resistance can be determined from a corresponding derivation of relation (1). Furthermore, r diff is directly experimentally accessible by means of electrochemical impedance spectroscopy (see, e.g., textbooks of Barsoukov and Macdonald 2005 , Orazem and Tribollet 2008 ) , or to be more precise, r diff is identical to the low-frequency impedance of the cell. In this context, it is worth mentioning that the differential resistance, r diff , must not be mixed up with the internal or polarization resistance of the system, r int , which is defi ned as follows: 
Branch with NDR
Under " normal " operating conditions, the terminal voltage of a fuel cell decreases monotonously with increasing current density from the open circuit voltage, U 0 , down to 0 V (Figure 1 A) . Hence, under " normal " conditions, r diff exhibits positive values throughout the whole current density range. Under conditions, where nonlinear effects affect the operating behavior of the fuel cell, the current-voltage curve exhibits a branch with an NDR (NDR branch in short; see Figure 2 ). In principle, two different types of NDR branch can be distinguished: N-NDR and S-NDR. In case of the N-NDR, the NDR branch ends in two vertical tangents ( r diff → ± ∞ ; Figure 2 A), whereas in the S-NDR, the NDR branch ends in two horizontal tangents ( r diff = 0; Figure 2 C). Both terms, N-NDR and S-NDR, were fi rst coined by Krischer (1999 Krischer ( , 2003 , who suggested a concept for the classifi cation of nonlinear phenomena occurring during electrochemical surface reactions at single electrodes. Krischer ' s concept allows fundamental considerations about the origin of the involved nonlinear effects and the corresponding consequences. Its usefulness has been proven several times, and it has already found entrance into the fuel cell literature (e.g., . Here, the same scheme is applied to a complete electrochemical cell, consisting of two electrodes and an electrolyte, which can be done without any restriction. Figure 2 B and D illustrate the meaning of the " N " and the " S " in the terms N-NDR and S-NDR. Both diagrams show an alternative representation of the two prototypic currentvoltage curves given in Figure 2 A and C. In this alternative representation, the current density drawn from the cell is plotted as function of the internal voltage loss, U 0 -U . This term represents the driving force that has to be " invested " to obtain the corresponding current. In case of the N-NDR, the corresponding curve has the shape of the letter N (Figure 2 B) . In case of the S-NDR, the plot has the shape of the letter S (Figure 2 D) .
Both types have unique features that are discussed in detail by Krischer (2003) . Here, only the capability to exhibit steadystate multiplicity would be briefl y shown. When connecting a fuel cell with an electric consumer, the operating point in the iU -phase plane follows from the intersection of the currentvoltage curve of the fuel cell [Eq. (1)] and the current-voltage curve of the load, given by
The following equations illustrate possible structures of the implicit function l ( U , i ) for three common types of electric loads: an ohmic resistor [Eq. (5a)], a potentiostat [Eq. (5b)], and a galvanostat [Eq. (5c)] . A graphic representation of these relations is given in Figure 1 
In the equations given above, R load (in Ω ) is the electric resistance of the load resistor, U load (in V) is the constant output voltage of the potentiostat, I load (in A) is the constant output current of the galvanostat, and A cell (in m 2 ) is the geometric size of the membrane electrode assembly of the fuel cell. It should be emphasized that the technical realization of a potentiostat or a galvanostat involves feedback control. However, the typical response time of the controller is fast in comparison with the relevant processes inside the fuel cell (e.g., Gr ö tsch et al. 2009 ). Hence, both devices can be regarded as static loads as described by the equations given above.
In case of a monotonous current-voltage curve, as given in Figure 1 A, the intersection of relations (1) and (5) cannot result in multiple solutions. The situation changes in case of the current-voltage curves with an NDR branch. From graphical considerations, combining Figures 1 B and 2 A,C, it can be seen that multiple solutions are generally possible. In case of an N-NDR current-voltage curve (Figure 2 A) , steady-state multiplicity might occur under galvanostatic control [Eq. (5c)] and can be excluded under potentiostatic control [Eq. (5b) ]. In case of an S-NDR system (Figure 2 C) , the opposite is valid. Multiplicities under rheostatic conditions [Eq. (5a) ] are possible for N-NDR and S-NDR systems, depending on the slope and the actual location of the NDR branch.
Prototype model
So far, it can be summarized that nonlinear operating behavior in fuel cells can be traced back to the occurrence of an NDR branch in the current-voltage curve, whether N-NDR or S-NDR. In the second step, the focus should be the possible origins of the NDR branch. For this purpose, in the following, a simple prototype model of a fuel cell will be derived. Then the model is used to discuss the different options for the origin of the NDR branch and conditions under which oscillatory behavior might occur. In a subsequent section, all experimental fi ndings and theoretical predictions in the context of nonlinear operating behavior of fuel cells are classifi ed and discussed according to these considerations. Table 1 collects the equations of the prototype model, which would be briefl y discussed here. One of the main simplifi cations of the model is the assumption of a spatially homogeneous system. Such a description is suffi cient in order to discuss the underlying phenomena of the majority of the analyses in the relevant literature. In a spatially inhomogeneous system, additional effects, such as pattern formation, might occur. Their origin, however, can be traced back to the dynamics of a spatially homogeneous prototype. All other simplifi cations are discussed along with model equations (P1) -(P5) in the following.
Relation (P1) in Table 1 further details Eq. (1) according to Kirchhoff ' s voltage law. U (in V) is the cell voltage and U 0 is the open-circuit voltage of the cell. The latter is assumed to be constant. The given equation considers two kinds of Table 1 Equations for the prototype model of the fuel cell, Eq. (P1) -(P4), and the external load, Eq. (P5).
Kirchhoff ' s voltage law
voltage losses: a voltage drop over the membrane, ∆ ϕ mem , and an overvoltage, η . The former represents the voltage losses associated with the ion transport within the electrolyte and the latter represents losses associated with kinetic losses of a representative electrochemical reaction at one of the electrodes. To keep the model simple, the voltage loss at the other electrode and other ohmic losses are neglected, as they do not contribute to further discussion. Eq. (P2) further details the voltage drop over the membrane, ∆ ϕ mem . The variable r mem (in Ω ·m 2 ) represents the effective ionic resistance of the electrolyte material. In the general case, r mem might depend on an internal state ξ , such as the cell temperature in case of a high-temperature fuel cell or the water content in case of a PEMFC. To avoid excessively constricting the prototype, r mem is allowed to be a function of ∆ ϕ mem as well. In particular, there is a group of articles (e.g., Katsaounis et al. 2005a ) in the relevant literature that use exactly this argumentation to explain corresponding experimental fi ndings.
The charge balance (P3), given in Table 1 , describes the temporal evolution of the overvoltage η . The symbol c dl (in F · m -2 ) stands for the double layer capacity of the electrode, which is assumed to be constant. Variable j (in A · m -2 ) represents the faradaic current produced in the representative electrochemical reaction. For the sake of simplicity, only one faradaic reaction is assumed in the present formulation. In the general case, j depends on the overvoltage η and an internal state ξ , which is well described, for example, by a ButlerVolmer relation.
Relation (P4) describes the temporal evolution of ξ . The variable ξ is a placeholder for an internal state of interest, such as the reactant concentration in the electrodes, a surface coverage, the temperature, and so forth. Thus, Eq. (P4) could be a mass or an energy balance. The internal state ξ might be changed by the occurring electrochemical reaction, represented by j . Consequently, the general right-hand side f of the balance is a function of j. Furthermore, f depends explicitly on state ξ itself and variable η as well. The latter could occur if, for example, a relevant adsorption step is potential dependent. At least one example for such a behavior exists in the fuel cell literature (e.g., Zhang and Datta 2002 ) , as will be discussed in further detail in the section PEMFCs with Pt/Ru anode exposed to H 2 /CO mixtures.
Finally, relation (P5) completes the model. This equation represents the current-voltage characteristics of the load connected to the fuel cell, as has been discussed above. Here, it is assumed that the external load is static in order to suppress nonlinear effects that only result from the external electrical circuit but not from the nonlinearities of the fuel cell.
It should be emphasized that the predictive power of this simple model is not too high. The focus on a single electrochemical reaction in the charge balance [see Eq. (P3)] and the consideration of single internal state [see Eq. (P4)] are especially crucial simplifi cations. On the other hand, due to its low complexity, the model is transparent and can be easily handled. As will be shown in the following, it is good enough to illustrate the majority of the fi ndings on nonlinear operating behavior in fuel cells.
Origin of the NDR branch
In the next step, the possible origins of the NDR branch are discussed. For this purpose, a steady-state formulation of Eq. (P1) -(P4) is suffi cient. Eq. (P5) is not of further interest at the moment. We have
The quantities denoted with an asterisk are the steady-state values of the corresponding variables, which follow from the steady-state solution of Eqs. (P2) -(P4).
If the Jacobian of the subsystems (7) - (9) is invertible, ∆ϕ η ξ mem * * *
, and can be expressed locally as functions of the current density i.
The differential resistance, r diff , of the prototype model follows from Eqs. (2) and (6).
The total derivatives, d η */d i and d /d mem * ∆ϕ i, appearing in the relation given above, follow from the implicit function theorem applied to the system (7) -(9). If the corresponding Jacobian is invertible, it holds: 
As can be seen from the equation given above, in this scenario, the differential resistance is always positive.
2.3.1. NDR branch due to nonlinear kinetics for the ion transport in the electrolyte First, the term d∆ϕ mem * /di in Eq. (10), which is associated with ion transport in the electrolyte, will be analyzed. For the discussion, it is convenient to neglect the η dependence of the right-hand side of the ξ balance, f . From Eqs. (12) and (13), it follows
This equation shows that d∆ϕ mem * /di becomes negative if the numerator or the denominator becomes negative. Both contain different partial derivatives of the problem specifi c function r mem . First, the focus is on the numerator, infl uenced by the partial derivative of the electrolyte resistance, r mem , by the representative state, ξ . For the sake of simplicity, the other derivative is set to be zero. From Eq. 
As can be seen, the second summand can become negative in case
Two options exist. First, let ξ represent the concentration of a product. According to Eq. (15), the term ∂ f / ∂ j is positive in this case. Then, ∂ r mem / ∂ ξ needs to be negative, i.e., the electrolyte resistance needs to decrease with increasing product concentration. Such a behavior is known in PEMFCs, where the membrane resistance depends upon the water content (see Sec. 3.2.1). In the second option, if ξ was the concentration of an reactant, r mem would be required to increase with increasing ξ .
Another interesting lesson can be learned from the structure of Eq. (26). As can be seen, d∆ϕ mem * /di is positive at i = 0. With increasing current, the negative term becomes increasingly dominant and might turn d∆ϕ mem * /di from a positive to a negative value. As a consequence, a horizontal tangent will appear in the current-voltage curve. Thus, the pre sent scenario leads always to an S-NDR-type behavior, that is, the systems can exhibit steady-state multiplicity under potentiostatic and rheostatic conditions but not under galvanostatic control.
After having discussed the numerator of Eq. (25), in the second step, the focus should be on the denominator in Eq. (25),
The fi rst two relations [Eqs. (14) and (15)] characterize the right-hand side of the ξ balance. Considering a simplistic mass balance, it can be easily shown that the removal rate of ξ increases with increasing ξ . Therefore, ∂ f / ∂ ξ is negative. Furthermore, if ξ represents a reactant concentration, it can be shown that the consumption rate of ξ increases with increa sing j . Consequently, ∂ f / ∂ j is negative. The opposite is valid for a product. The next two relations make statements about the rate expression, j , for the representative electrochemical reaction. Having a Butler-Volmer expression in mind, two things can be seen. First, the reaction rate j increases with increasing overvoltage, η [Eq. (16) The remaining derivatives depend on the system under consideration and on the operating conditions. Thus, manifold options exist to create a negative value of r diff . For a start, a simple scenario leading to " normal " behavior would be analyzed. Afterward, three further generic scenarios are discussed. Each of them illustrates a different origin of the NDR branch in the iU curve of a fuel cell.
In the simple scenario leading to " normal " behavior, it is assumed that the right-hand side of the ξ balance does not depend on the overvoltage, η .
Furthermore, it is assumed that the electrolyte resistance is constant. It holds
Under these conditions, Eqs. (10) - (13) 
Here it can be seen that d∆ϕ mem * /di might become negative if
In other words, the membrane resistance must increase with increasing membrane voltage drop. There is at least one example in the PEMFC literature (e.g., Katsaounis et al. 2005a ) where the authors suspect such a behavior to be responsible for steady-state multiplicity. This aspect will be further discussed in the section PEMFC at low H 2 partial pressures.
Again, from the structure of Eq. (28), a prediction regarding the shape of the current-voltage curve can be made. As can be seen, d∆ϕ mem * /di is positive at i = 0. With increasing current, the value of the denominator might change from positive to negative. As a consequence, in this example, a vertical tangent will appear in the current-voltage curve. Thus, the present scenario always leads to an N-NDR-type behavior, i.e., the system can exhibit steady-state multiplicity under galvanostatic and rheostatic conditions but not under potentiostatic control.
NDR branch due to nonlinear electrochemical
surface kinetics Next, the term d η */d i in Eq. (10), which is associated with the electrochemical reaction kinetics, will be analyzed. From Eqs. (11) and (13), it follows without assumptions:
In accordance with the simple scenario initially discussed,
Two options exist. In the fi rst option, let ξ represent the concentration of a reactant, i.e., ∂ j / ∂ ξ is positive [Eq. (17) ]. To fulfi ll the relation given above, ∂ f / ∂ η needs to be negative. This means that reactant removal is required to decrease with increasing overpotential. Such a behavior could occur, for instance, through the competitive adsorption of the reactant with another electroactive species. Various further examples can be found in the review of Krischer (2003) . In the second option, ξ could represent a quantity that slows down the representative electrode reaction (e.g., a product). In this case, ∂ j / ∂ ξ is negative [Eq. (17)] and ∂ f / ∂ η needs to be positive.
By analyzing the structure of Eq. (30), it can be seen that only the sign of the denominator can change. As a consequence, a vertical tangent will appear in the currentvoltage curve. Thus, such a scenario leads to an N-NDR-type behavior.
2.3.3. NDR branch originating from a nonelectro chemical nonlinearity There exist some fuel cell types where the electrochemical reactions are coupled with purely chemical reactions and/or complex mass transport phenomena. One example is the MCFC with direct internal reforming. Here, the steam reforming of methane, the water-gas shift reaction, and the electro-oxidation of hydrogen and carbon monoxide take place simultaneously. Another example is the PEMFC, where the species transport interacts with two-phase fl ow, originating from the condensation of product water. In the last scenario, how nonlinear operating behavior originating from nonelectrochemical processes could project an NDR branch into the current-voltage curve of the fuel cell would be briefl y discussed. For this purpose, the simple scenario that leads to " normal " behavior mentioned earlier is revisited here. It was assumed that the right-hand side of the ξ balance (9) does not depend on η and that the electrolyte resistance is constant. It holds
Under these assumptions, the differential resistance is found to be
Under " normal " conditions, d ξ */d i is negative in case of ξ representing the concentration of a reactant and positive in case of a product. Consequently, r diff would always be positive [see Eq. (33) ], which is in line with result (24). In case the species whose concentration is represented by ξ is involved in an nonelectrochemical autocatalysis or self-inhibition (which is not refl ected in the present model formulation), d ξ */d i might show the opposite behavior, i.e., d ξ */d i > 0 for reactants and d ξ */d i < 0 for products. In such a situation, the differential resistance of the cell could become negative [see Eq. (33)]. As can be further seen from Eq. (33), a precondition for such a projection of a nonelectrochemical nonlinearity is that
i.e., the species involved in the nonelectrochemical instability needs to be electroactive.
Oscillatory behavior
Finally, the prototype model is analyzed with regard to oscillatory behavior. Various authors have reported autonomous oscillations of fuel cells in experiments. The physical mechanisms behind these oscillations are not fully understood in all cases. Therefore, it seems worthwhile studying conditions that cause autonomous oscillations in the simple reference model. Potential mechanisms leading to oscillations in the real world will be derived from these conditions and will be related to the experimental fi ndings. One widely found mechanism causing autonomous oscillations is the stability loss of a steady-state solution in a Hopf bifurcation. A Hopf bifurcation is characterized by a pair complex conjugate eigenvalues crossing the imaginary axis. For a second-order system as the prototype fuel cell model with state variables η and ξ [Eqs. (P1) -(P5); Table  1 ], this is equivalent to the following two conditions for the Jacobian J :
The Jacobian of the system reads
Implicit conditions for the gradients ∂ i / ∂ η and ∂ i / ∂ ξ follow from differentiating (P1) and (P2) with respect to η and ξ , respectively. One obtains
and
Eqs. (38) - (41) can be solved for ∂ i / ∂ η and ∂ i / ∂ ξ to give
The gradient d U /d i is determined by the external load:
d U /d i vanishes for potentiostatic operation and tends toward infi nity for galvanostatic operation. Evaluating the trace condition (35) for the Jacobian (37) gives
The determinant condition (36) reads for the Jacobian (37):
or if one inserts (45) into (46):
In a fi rst step, the trace condition (45) is analyzed. Under normal conditions, the three summation terms on the lefthand side of (45) are all negative: ∂ i / ∂ η is negative for a constant r mem because of (42), ∂ j / ∂ η is positive because of (16), ∂ f / ∂ j · ∂ j / ∂ ξ is usually negative because of (18), and ∂ f / ∂ ξ is negative because of (14). To fulfi ll the trace condition (45), it is necessary that some special situation makes at least one of three summation terms positive. One can imagine three cases:
Positive ∂ i / ∂ η caused by a varying membrane resistance. From (42), one can see that this would require a membrane resistance that increases with ∆ ϕ mem . Case • 2: Positive ∂ f / ∂ j · ∂ j / ∂ ξ caused by autocatalysis or selfinhibition in the electrochemical reaction. Case • 3: Positive ∂ f / ∂ ξ caused by autocatalysis in a nonelectrochemical reaction, for example, internal reforming in a high-temperature fuel cell.
Each of the three cases can only cause a Hopf bifurcation if the second condition (47) can be fulfi lled as well. Of the two summation terms on the left-hand side of (47), the fi rst one is obviously always negative. Therefore, one has to make the second term positive for a Hopf bifurcation. In Case 1, the varying membrane resistance affects only ∂ i / ∂ ξ . Of special interest is the humidity dependent membrane resistance in PEMFCs, i.e., the situation where ξ is the water concentration. In this case, one has ∂ f / ∂ j · ∂ j / ∂ η < 0, and usually ∂ f / ∂ η = ∂ j / ∂ ξ = 0. Hence, one needs ∂ i / ∂ ξ > 0 for a Hopf bifurcation. From (43), it is clear that a membrane resistance that decreases with humidity (i.e., ∂ r mem / ∂ ξ < 0) causes just that. In conclusion, a humidity-dependent membrane resistance might be a potential source of oscillations. However, at least, in the simple prototype model, an unusual dependence of the membrane resistance on the potential difference is needed as well. Now condition (47) is tested for Case 2 of an autocatalytic or self-inhibitory electrochemical reaction. Assume an autocatalytic reaction with product concentration ξ . Then ∂ j / ∂ ξ , ∂ f / ∂ j , and ∂ j / ∂ η are positive; ∂ f / ∂ η will vanish in most situations and ∂ i / ∂ ξ = 0 for a constant membrane resistance. This makes the second summation term of (47) actually positive. An analogous discussion for a self-inhibitory electrochemical reaction with reactant concentration ξ leads to the same result. Hence, one may conclude that autocatalysis or self-inhibition of the electrochemical reaction may cause Hopf bifurcations and oscillations in the prototype model. Finally, Case 3 of an autocatalytic nonelectrical reaction is considered. Assume that ξ is the concentration of a pro duct of the electrochemical reaction with
If, on the other hand, ξ is the concentration of a reactant of the electrochemical reaction, then ∂ f / ∂ η > 0 is needed for a Hopf bifurcation to occur. One may conclude that a nonelectrochemical autocatalytic reaction may cause oscillations in the unusual but not impossible situation of a mass balance that depends on the overpotential η .
The discussion shows that, in the simple two-variable prototype, Hopf bifurcations are not impossible, but they require rather exotic properties of the membrane and of the reaction kinetics in a fuel cell. On the other hand, one cannot expect from such a simplistic model to fully explain all kinds of oscillatory fuel cell behavior found in experiments. One potential source of oscillations completely ignored so far is the formation of liquid water in PEMFCs. This will be discussed at the end of the section Two-phase conditions in PEMFCs.
Literature survey and discussion
This section contains a collection of experimental observations and theoretical predictions regarding nonlinear opera ting behavior in fuel cells. The relevant analyses are structured according to the discussion in the previous section into N-NDR or S-NDR systems.
Each of the following subsections starts with the initial fi ndings and conditions under which nonlinear behavior was observed. Furthermore, the origin of the NDR branch is discussed according to the prototype model, presented in the section Classifi cation scheme and prototype model. Afterward, all studies following the initial one are summarized and discussed. ), a Nafi on 117 membrane, and a platinum-ruthenium anode (30 % Pt, 15 % Ru, carbon supported, 1.8 mg metal·cm -2 ). The cell was operated at around 40 ° C and at ambient pressure. In the initial study, the cathode and anode were fed with synthetic air (20 % oxygen in helium) and mixtures of hydrogen and helium, respectively. The hydrogen partial pressure, p H 2 , was varied from 100 to 0.25 kPa. Both gas streams were fully saturated with water vapor. The cathode fl ow rate was kept constant at 400 sccm. Considering the given cell size, this would correspond to a stoichiometric limit for the current density of around 4 A⋅cm -2
N-NDR
. The feed fl ow rate at the anode was 400 sccm, as well. Depending on the composition of the feed gas, the stoichiometric limit for the current density lies between 10 A⋅cm -2 (in the case of p H 2 100 = kPa ) and 0.025 A⋅cm -2 (in the case of p H .
2 0 25 = kPa ). Figure 3 , which was taken from the initial article of Katsaounis et al. (2005a) , shows the infl uence of p H 2 on the shape of the current-voltage curve. For decreasing hydrogen partial pressure, the iU curves bend toward the ordinate of the diagram and fi nally shows for p H . 
In the working hypothesis of Katsaounis et al. (2005a) , kinetic losses at the anode and the cathode have been neglected. Consequently, η * is set to zero. From the two equations given above, the differential resistance of the system, defi ned by Eq. (2), is found to be
According to Katsaounis et al. (2005a) , at low hydrogen partial pressures, membrane resistance, r mem , is suspected to increase with increasing membrane voltage drop, ∆ ϕ mem , i.e.,
and consequently, r diff could become negative [see Eq. (50)]. As mentioned in Sec. 2 with increasing current, the denominator might change its sign from plus to minus. As a consequence, a vertical tangent will appear in the current-voltage curve and the system will show an N-NDR branch.
The reason for the potential dependence of the membrane resistance see Katsaounis et al. (2005a) in a quantum mechanical tunnelling mechanism, dominating the proton transport through the membrane especially at low hydrogen partial pressures and large electric fi eld strengths. The authors see their hypothesis supported by some further experiments with the same PEMFC fed with deuterium instead of hydrogen (brief comments on such experiments can be found, e.g., in Feindel et al. 2007 ). All issues regarding the proton tunneling mechanism had been further detailed in one of the recent articles (Vayenas et al. 2007 ) and will be further discussed.
Subsequent studies
In a subsequent article, the same group discussed a mathe matical representation of their initial fi nding ). The introduced description was referred to as γ model by the authors and consists of the following equations:
with r int being the internal resistance (or polarization resistance) of the cell. 
The quantities r min , U c , and γ are fi tting parameters, where γ was found to depend on the hydrogen partial pressure (Katsaounis et al. 2005a ).
The reader should be aware that the model description was subject to some evolution. For example, quantity γ was later fi tted with the following relation .
Another aspect that is worth mentioning here is that the γ model was previously brought in context with some other studies on nonlinear operating behavior in fuel cells (Katsaounis et al. 2005b ) . One of those studies was on the occurrence of bistable local current-voltage curves observed in direct methanol fuel cells (DMFCs) . The other one was on the oscillatory behavior of PEMFC during exposure to CO. The latter had been measured by the authors but was already previously reported and analyzed by Zhang and Datta (2002) . As will be discussed later (in Sec. 3.1.2 and 3.1.4), both fi ndings have origins other than a potentialdependent membrane resistance. Thus, in these two cases, the γ model is nothing than a fi tting equation. This whole aspect has not been taken up again in the literature, neither by the authors themselves nor by other researchers.
A subsequent contribution of the group shows the infl uence of the membrane thickness on the form of the NDR branch in the current-voltage curve . A cell with the same dimensions and method of preparation as described above was equipped with membranes of different thickness. Instead of synthetic air, hydrogen was fed to the cathode. Again, the authors found N-NDR-type currentvoltage curves for low hydrogen partial pressures. As can be seen from Figure 4 , which was taken from Tsampas et al. (2006) , the membrane thickness has a strong impact on the shape of the iU curves.
From the measured current-voltage curves, the authors extracted conductivity data using the following relation:
All terms on the right-hand side of the equation can be easily determined. The open-circuit cell voltage U 0 and the cell voltage U at a certain current density i follow directly from the measured iU data. The membrane thickness, l mem , is known. The authors have assumed that kinetic losses at the electrodes can be neglected, as the current densities are rather Katsaounis et al. (2005a) showing the infl uence of the anode hydrogen partial pressure on the currentvoltage characteristics. At low hydrogen partial pressures ( p H 2 < 1.5 kPa), a set of N-NDR type iU curves can be seen. Reprinted from Katsaounis et al. (2005a ) , Copyright (2005 , with permission from Elsevier.
low (e.g., Tsampas et al. 2006 ) . Only in this case, quantity σ can be related to membrane conductivity, which can be easily illustrated by expanding the term U 0 -U , appearing in Eq. (56), with a simplistic model.
In the general case, the voltage drop U 0 -U is caused by kinetic losses at the electrodes (fi rst term on the right-hand side) and losses caused by the ion transport through the membrane (second term on the right-hand side). Inserting model (57) into Eq. (56) gives
As can be seen, if and only if η is negligible, quantity σ is identical to membrane conductivity σ mem . Otherwise, σ contains losses coming from the electrochemical reaction kinetics and would consequently lose its meaning as a conductivity. Or in other words sigma could not be called any longer conductivity. Figure 5 shows the extracted conductivity data for membranes of different thicknesses. From these results, Tsampas et al. (2006) concluded that membrane conductivity depends linearly on membrane thickness. The authors bring their fi ndings in context with data of other researchers ( B ü chi and Scherer 2001 , Dimitrova et al. 2002 , Silva et al. 2004 , who have also observed a thickness dependence of the conductivity. At that time, three main hypotheses existed to explain this phenomenon. They are well summarized by Silva et al. (2004) : (1) differences in the water uptake, (2) structural 
According to the authors, the term σ b is constant and can be associated to the bulk proton conductivity in the aqueous phase of the Nafi on membrane. The term σ s represents the potential-, thickness-, and p H 2 -dependent portion of the membrane resistance. The authors associate this term to the tunneling of protons between adjacent sulfonate groups at the pore walls.
Recently, Vayenas et al. (2007) presented a fi rst principles model for the protonic conductivity in fully hydrated Nafi on membranes to rationalize the potential, thickness, and p H 2 dependence of the term σ s [Eq. (60) ]. The physical picture behind the model considers a dual mechanism for the proton transport (Vayenas et al. 2007 ): fi rst, the Grotthuss mechanism, within the bulk water inside the aqueous phase of the membrane, and second, a surface mechanism, where proton transfer proceeds along the acid groups on the pore walls. The second mechanism is expected to be responsible for the observed potential, thickness, and p H 2 dependence of the protonic conductivity. The suggested model considers a Poisson-Boltzmann charge distribution around each proton combined with the Gamow equation of quantum mechanics. The fi nal relation among σ , ∆ ϕ mem , l mem , and p H 2 is rather complex in its structure and is not repeated here. The model contains no adjustable parameters and, according to the authors, reproduces the experimental data in a semiquantitative manner.
Alternative hypothesis for the origin of the NDR-
branch At the end of this subsection, a few comments on an alternative hypothesis to explain the intriguing observations of Vayenas and coworkers would be given. It is emphasized that there is no doubt on the correctness of the measurements or the existence of the NDR branch.
As mentioned earlier, Vayenas and coworkers attribute the measured iU data completely to the membrane voltage drop. Losses originating from the electrochemical reaction kinetics have been neglected. The authors justify this assumption with the low-current density range, in which the NDR branch has been observed (e.g., Tsampas et al. 2006 ) . It is worth to revisit this assumption. All iU curves exhibiting an NDR branch have been measured for low anode hydrogen partial pressures. Under such conditions, hydrogen mass transport through the anode gas diffusion layer might become limiting. A corresponding current density, i lim diff , can be estimated from Fick ' s law.
When approaching i lim diff , the hydrogen partial pressure in the reaction zone would tend toward zero. Consequently, the anode overvoltage would show values being considerably different from zero. In Eq. (61), F (in A·s·mol for the term RT , and a hydrogen partial pressure of 0.3 kPa, one gets a limiting current density of approximately 10 3 A. m-2 . A look into Figure 3 shows that the maximum current density of the curves exhibiting an NDR branch lies approximately in this range. From this fi nding, it can be concluded that the anode overvoltage most likely exhibits values different from zero. Thus, in an alternative hypothesis, the measured iU data could be attributed to the losses occurring at the anode, while the membrane loss is considered to be negligible [compare with Eq. (48)]. In such a scenario, the occurrence of NDR branch needs to originate from another potential-dependent step. A possible candidate is the blockade of the Ru sites by adsorbed water forming an oxide fi lm. 
Some data that might support this hypothesis can be found (e.g., two studies of Gasteiger et al. 1995a,b ) . These authors investigated the hydrogen electro-oxidation at a Pt/Ru rotating disk electrode in an aqueous solution. As can be seen from Figure 6 , in their system, the current density peaks at electrode potentials around 0.1 V and decreases for a further increase of the electrode potential. The authors explain this behavior with the formation of an oxide fi lm on the Ru sites. Something similar could have happened in the experiments of Vayenas and coworkers. As mentioned earlier, in all their studies, the reactant gases have been well humidifi ed (i.e., water was present at the anode of the cell in all of the experiments). Due to the low hydrogen partial pressure, the current density is limited [see Eq. (61)]. Consequently, with a further decrease in the cell voltage, the electrode potential increases. When reaching a critical level, water dissociates to the surface and forms an oxide fi lm. This, in turn, decreases the electroactive surface and leads to further decrease in the current density.
Some of the experimental fi ndings of Vayenas and coworkers seem to support this alternative hypothesis. For instance, Tsampas et al. (2006) report data when feeding the cell with hydrogen on both sides. It was found that only the anode hydrogen partial pressure has an impact on the shape of the NDR branch, but not the cathode hydrogen partial pressure, which indicates that an anodic process might be responsible for the observed behavior. Another aspect is the linear dependence of the quantity σ on membrane thickness, l mem . Remembering the discussion of Eq. (58) and neglecting σ mem , it can be seen that quantity σ depends linearly on l mem :
which is in line with the data of Tsampas et al. (2006) presented in Figure 5 . Of course, so far, the alternative hypothesis is speculative and needs to be confi rmed by an appropriate experiment. For instance, impedance measurements at different cell potentials should be suitable to eliminate the one or the other hypothesis. -2 ), a Nafi on 115 membrane, and a Pt/Ru anode (50 % Pt, 50 % Ru, carbon supported, 0.35 mg metal cm -2 ). The cell was operated at 30 ° C -70 ° C and at a pressure of approximately 2 bar. Oxygen was used as the cathode feed, and a premixed H 2 /CO-mixture with a CO content of 108 ppm was fed to the anode. Both gas streams were preheated and well humidifi ed.
PEMFCs with
When operating under galvanostatic control, the authors observed sustained oscillations of the cell voltage for a large range of fl ow rates, temperatures, and current densities (Figure 7 ) . The frequency of the oscillations was in the range of some 100 milli Hertz, and the amplitude ranged from 0.2 to 0.4 V, which is the usual range of the terminal voltage of a single cell.
In their initial study, Zhang and Datta (2002) presented a spatially lumped, isothermal anode model, which is able to reproduce the experimental data. The model consists of a CO and an H 2 balance for the anode channel, three mass balances for the surface species H, CO, and OH suspected to be involved, and a charge balance for the anodic double layer. The following reaction scheme had been considered. 
Eqs. (65) and (66) represent the adsorption of hydrogen from the gas phase and its subsequent electro-oxidation, respectively. Eqs. (67) and (68) are the adsorption of CO and the dissociation of water, respectively. Both the adsorbed CO and water are assumed to subsequently react to CO 2 and free the surface again [Eq. (69) ].
The NDR in this system originates from the water dissociation [Eq. (68)], which can be briefl y illustrated with the prototype model. A steady-state formulation of Eqs. (P1) - (P4) is suffi cient. For the sake of simplicity, in a fi rst step, the presence of CO is neglected. For the present system, the ξ balance of the prototype [Eq. (P4)] needs to be expanded to the following three relations.
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Eq. (72) is the material balance for the surface hydrogen, which gives the steady-state value of θ H . The quantity r H , 2 ad is the rate of hydrogen adsorption toward the catalyst surface [Eq. (65) ]. The rate of the forward reaction is a function of the hydrogen partial pressure in the gas phase, p H 2 , and the fraction of free surface sites θ 0 . The rate of the backward reaction is a function of θ H itself. Relation (73) is the material balance for water adsorbed to the catalyst surface, which gives the steady-state value of θ OH . The quantity r H O,dis 2 represents the water dissociation [Eq. (68)]. The rate of the forward reaction is the function of water partial pressure in the gas phase, p H O 2 the fraction of free surface sites, θ 0 , and the anode overvoltage, η A . The rate of the backward reaction depends on η A as well and additionally on θ OH itself. Finally, the fraction of free surface sites follows from the closure condition (74). As mentioned above, CO is neglected for the moment, hence, θ CO is set to zero.
Eq. (2) applied to relations (70) - (74) gives the differential resistance of this system. 
These expressions contain partial derivatives of the problem-specifi c functions. All of them are known. As can be seen from Eq. (75), the value of the term d 2 determines the sign of the differential resistance. In case of d 2 = 0 [i.e., a potential independent water dissociation; see Eq. (77)], r diff would be always positive. In the given system, the net dissociation rate, r r r
, increases with increasing η A .
Hence, d 2 is positive. Typically, at anode potentials of around 350 -400 mV, water dissociation starts to increase considerably. Thus, in this potential range, the second term in the denominator in Eq. (75) (the one consisting d 2 ) could exceed the fi rst term (the one consisting d 1 ) and the system would show an NDR. As the denominator changes its sign from plus to minus, a vertical tangent will appear in the iU curve, i.e., the system would show an N-NDR branch. The presence of an N-shaped NDR-branch due to an OH-blockade was fi rst discussed by , who carried out a careful analysis of the initial model of Zhang and Datta (2002) . Figure 8 shows a calculated N-NDR polarization curve, assuming the absence of CO (compare with Figure  2 B ). further discussed that the NDR branch gets hidden in the presence of CO. In such a situation, adsorbed CO would react together with the adsorbed water to CO 2 , which liberates the surface and limits the increase of θ OH with increasing η A . As a consequence, the NDR branch would disappear under steady-state conditions. In the transient case, the dynamics of the hidden N-NDR system interacts with the θ CO dynamics and forms a so-called HN-NDR oscillator (see Krischer 2003 ) . In the system under consideration, the time constant of the hidden N-NDR system is governed by the time constant of the η A balance, τ dl , while the one of the latter is governed by the time constant of the θ CO balance, τ CO . The systems oscillates as the changes in the N-NDR system occur on a much faster time scale, than the ones of θ CO ( τ dl < τ CO ). This aspect will be fi nally illustrated. Figure 9 shows the interplay of the two representative variables: the CO surface coverage, θ CO , and the anode overvoltage, η A . Each oscillation period can be decomposed into two phases. In the fi rst phase, the anode overvoltage is below the onset potential for the water dissociation. Hence, the surface water does not play an important role and the differential resistance of the system is positive. As can be seen in Figure 9 A, the CO surface coverage, θ CO , steadily increases due to the adsorption of CO from the gas phase toward the catalyst surface. The increase in θ CO leads to a decrease of the hydrogen surface coverage, θ H , as both species compete for the free surface sites. To maintain the constant current at decrea sing hydrogen surface concentration, the anode potential, η A , increases (Figure 9 B) until it reaches the onset potential of the water dissociation, η A crit , which initiates the second phase. The second phase is characterized by a steep decrease in the CO surface coverage (Figure 9 A), which is caused by a considerable increase of the CO oxidation rate. The latter is possible due to the presence of water, which adsorbs to the Ru sites at an anode potential greater than η A crit . The time plot of η A shows a characteristic overshoot (Figure 9 B), which is caused by the interaction of the fast N-NDR system with the slow θ CO dynamics. The rising edge of the overshoot is caused by water dissociation. As discussed earlier, an increase in θ OH leads to a decrease in the number of free surface sites, which further increases η A . In the fi rst moment, this self-enhancing mechanism drives the overpotential to higher values. On the other hand, with increasing overpotential, CO oxidation is further accelerated, which caches up and stabilizes the fast subsystem. Finally, the anode overpotential decreases as θ CO continuously decreases. When underrunning, η A crit the CO oxidation stops and next cycle starts. Zhang and Datta (2002) reported the fi rst systematic analysis on potential oscillations in PEMFCs exposed to CO-containing feeds, there is a small amount of earlier relevant reports in fuel cell literature. For the sake of completeness, they would be briefl y mentioned here.
Earlier fi ndings Although
In 1999, Rohland and Plzak suggested a concept to increase the CO tolerance of PEMFCs involving an in situ preferential oxidation of CO. They placed thin catalyst sheets in front of a Pt/Ru anode of a PEMFC ( A cell = 25 cm 2 ). In the absence of the sheet, the authors reported oscillatory behavior under galvanostatic control when exposing the cell to a CO-containing feed. Two years later, Murthy et al. (2001) investigated the performance of a 25-cm 2 PEMFC equipped with two different diffusion medias. In their study, the authors determined poisoning and recovery rates of the cell voltage during exposure with H 2 /CO mixtures, with and without air bleed. In some of their experiments, the authors observed oscillatory conditions as well. Another study, by Wagner and Schulze (2003) , which was submitted at the time when the article of Zhang and Datta (2002) was published, deals with impedance measurements in a 23-cm 2 PEMFC fed with H 2 /CO mixtures. Also, these authors observed potential oscillations under galvanostatic control.
Subsequent studies -dynamics of the spatially
homogeneuos system So far, the oscillatory behavior was exclusively observed under galvanostatic control. In 2005, Katsaounis et al. reported oscillations under rheostatic conditions as well. The studied system was comparable in its dimensions and composition with the system investigated by Zhang and Datta (2002) . In contrast to the explanations given above, Katsaounis et al. (2005a) see the origin of the oscillatory behavior in the context of proton tunneling mechanism (see Sec. 3.1.1).
In 2007, Siegmeier et al. delivered a theoretical analysis of bistability and oscillations during the electro-oxidation of H 2 /CO mixtures on a rotating Pt electrode. The employed model for the planar Pt electrode is similar in its structure to the model of Zhang and Datta (2002) for the Pt/Ru fuel cell anode. Hence, some conclusions for the present discourse can be drawn from this study. In their analysis, the authors found, in addition to the HN-NDR oscillator, an S-NDR oscillator as well. As for the origin of the S-NDR branch, the authors attribute it to the chemical autocatalysis arising from the LangmuirHinshelwood mechanism for the CO electro-oxidation [Eqs.
(67) -(69)] coupled with mass transport limitations. Depending on the parameters, the system dynamics is subjected to the S-NDR subsystem, the HN-NDR subsys tem, or an interplay of both subsystems. The experimental confi rmation of these fi ndings in a fuel cell setup and their consequences are subject of an ongoing work (Kirsch et al. unpublished ) .
In another recent work, Lopes and Ticianelli (2010) studied PEMFCs with different carbon-supported anodes. In addition to electrodes composed of Pt/Ru alloys, which had been used in the studies discussed earlier, the authors investigated electrodes composed of physical mixtures of Pt and Ru. For these electrodes, two different designs have been used. In the fi rst design, the electrode was prepared in halves, one containing the Pt/C material and the other containing the Ru/C material (referred to as half electrode assembly, or HEA). The other electrode was prepared by applying a mixture of both materials as catalyst (referred to as dot electrode assembly, or DEA). In the HEA and DEA designs, potential oscillations were observed when operating the cell under galvanostatic conditions (Figure 10 ) . However, the patterns were qualitatively different from the ones discussed so far. The authors suspect the interactions of two distinct electrocatalytic systems being responsible for this behavior.
Subsequent studies -spatiotemporal
dynamics Until 2009, only the so-called period 1 oscillations have been reported for the system under consideration. In such a case, one distinct oscillation frequency can be found in the time series. Examples for such oscillations are shown in Figure 7 A -E. In 2009, for the fi rst time, Mota et al. discussed period 2 oscillations and aperiodic behavior (Figure 11 ), which had been observed especially at lower fl ow rates and large current densities (Mota et al. 2009 (Mota et al. , 2010 . The setup used by the authors was similar to the one of Zhang and Datta (2002) . The only difference seems to be that Mota et al. (2009) used a single-channel serpentine fl ow fi eld. The length of this single channel was approximately 50 cm. The authors found that the spatially lumped model of Zhang and Datta (2002) is not able to reproduce the period 2 oscillations (Mota et al. 2009 ) and suspected a spatiotemporal evolution of a CO carpet within the cell as a possible origin of the observed behavior (Mota et al. 2010 ) . Hanke -Rauschenbach et al. (2010) extended the model of Zhang and Datta (2002) to a spatially one-dimensional formulation. The extended model mainly considers changes into the direction along the channel and predicts the formation of complex spatiotemporal patterns for a wide range of technical relevant operating conditions (Figure 12 ) . From their results, the authors concluded that the spatially distributed system could be understood as a chain of oscillators, which are (a) electrically coupled through the potential fi eld within the cell and (b) coupled by the species transport occurring within the gas channel. Kirsch et al. (2011) reduced the model of HankeRauschenbach et al. (2010) in its complexity, which allowed further insight into the essential dynamics of the system. It is worth to briefl y sketch the structure of the reduced model. It consists of three partial differential equations [Eqs. (78)- (80)]. 
The fi rst relation captures the spatiotemporal evolution of the anode overvoltage. It originates from the charge balances of the anodic double layer and the membrane. It is therefore referred to as charge balance in the following. Quantity i represents the applied current density and l mem and σ mem are the membrane thickness and the membrane conductivity, respectively. L is the length of the system and ζ is the spatial coordinate. The quantity 〈 〉 η ζ A represents the spatial average value of η A . The second relation is the balance for the surface CO. As can be seen, it contains no spatial derivatives, as CO was assumed to be immobile on the catalyst surface (HankeRauschenbach et al. 2010 ). In the theoretical case of zero membrane conductivity ( σ mem = 0), the two last terms in the charge balance disappear and the system degenerates to a chain of oscillators. The frequency distribution in the direction along the channel is governed by the CO profi le, x CO ( z , t ). This quantity enters the system given above via the rate expression for the CO adsorption, r CO,ad . The x CO profi le follows from the channel CO balance, which allows for a coupling of the oscillators through CO transport in the direction along the channel. This aspect will be discussed further below. First, the electrical coupling should be focused on. For a nonzero membrane conductivity, the single oscillators get coupled. The fi rst coupling term in the right-hand side of the charge balance contains a second-order derivative of the unknown variable. Consequently, this term acts locally only (i.e., the evolution of η A at a certain location is infl uenced by its neighbors). The second term contains the spatially average value of η A . Hence, this term allows the global interaction of the single oscillators. Depending on system dimensions, represented by membrane thickness, l mem , and channel length, L , the system behavior is dominated by local coupling, global coupling, or both. For long systems with thin membranes, the global coupling term dominates, which leads for large values σ mem to a synchronization of the oscillators. For situations in which local coupling dominates (e.g., short systems with thick membranes), spatiotemporal intermittency has been seen in simulation results ).
As mentioned above, the profi le of the CO mole fraction in the gas channel follows a channel mass balance, which is the third equation of the reduced model.
CO transport in the channel is mainly dominated by convection. Hence, the relation given above contains the fi rst-order spatial derivative only. Quantity ν represents the convection velocity. Regarding the dynamics of this balance, two special cases can be considered. In case of a large convection velocity, the characteristic time for CO transport within the channel
is small and the channel dynamics does not play an important role. In such a situation, a decreasing CO mole fraction in the direction along the channel can be found, which leads to frequency distribution as discussed earlier. In case of a small convection velocity or a large channel length, τ CO,ch is large and the CO transport within the channel dominates the overall dynamics. In such a situation, CO fronts traveling along the channel direction have been observed in the simulations, which lead to voltage oscillation of period 2 or higher ( Figure 12 ). In conclusion, it can be stated that the predictions of Hanke -Rauschenbach et al. (2010) and Kirsch et al. (2011) deliver a possible explanation of period 2 oscillation (compare Figures 11 C and 12 A) and support the hypothesis raised by Mota et al. (2010) . As mentioned above, in the case of a large τ CO,ch (i.e., large channel length and small convection velocities), the channel dynamics dominates the overall behavior, which seem to be in line with the experimental conditions of Mota et al. (2009) .
Technical applications
From a technical point of view, the initial analysis of Zhang and Datta (2002) was discussed in two different application directions: fi rst, as a strategy to increase the CO tolerance of PEMFCs, and second, as a concept for deep CO removal from reformate gas. First, the studies on the increase of the CO tolerance would be briefl y summarized. In one of the earlier articles, studied the performance of the cell under oscillatory (galvanostatic mode) and nonoscillatory (potentiostatic mode) conditions. The authors found the time-averaged cell voltage in the oscillatory state being higher than that in the stable state. The reason for this is seen in the asymmetry of the voltage oscillations . In a subsequent study, Thomason et al. (2004) brought the fi ndings of in context with methods to increase the CO tolerance of PEMFCs, such as air bleed (e.g., Gottesfeld and Pafford 1988 ) , current pulsing (e.g., Carrette et al. 2001 ), and Figure 12 Diagram taken from Hanke -Rauschenbach et al. (2010) illustrating the behavior of the spatially distributed system for low feed fl ow rates: (A) temporal evolution of the cell voltage U cell ( t ); spatiotemporal evolution of the (B) anode double layer potential ∆ ϕ ( z , t ); (C) CO surface coverage θ CO (z, t ); (D) local anodic current density i a ( z , t ), and (E) CO mole fraction in the gas channel x CO (z, t ). Reproduced from Hanke -Rauschenbach et al. (2010) by permission of ECS -The Electrochemical Society. the use of advanced electrocatalysts (e.g., Wee and Lee 2006 ) . In their study, the authors compared the CO tolerance of a 50 cm 2 cell under oscillatory conditions, which they referred to as " self-oxidation mode, " with the one using the current pulsing technique of Carrette et al. (2001) . From their results, the authors concluded the pulsing technique to be more effective than self-oxidation. In two studies published in 2007, another group combined both approaches in the sense of a pace maker (Farrell et al., 2007, Gardner and .
The second application direction brings the initial studies of Zhang and Datta (2002) in context with a strategy for the deep removal of CO from reformat gases. Currently, the preferential oxidation (PrOx) is seen as the most promising option for this task, especially in small-scale on-site hydrogen production system (e.g., Shore and Farrauto 2003 , Bion et al. 2008 ). Zhang and Datta (2005) suggested the electrochemical preferential oxidation (ECPrOx) as an alternative for this concept. Its main advantage, in comparison to PrOx, is that nonselectively oxidized hydrogen is converted into electrical energy instead of being burned. The design of an ECPrOx reactor is identical to a PEMFC with a Pt/Ru anode. However, the difference between both is the desired operation mode. In the fuel cell, a full conversion of the whole H 2 /CO mixture is desired, whereas the goal in an ECPrOx reactor would be full conversion of the CO, without " touching " the hydrogen. In their article, Zhang and Datta (2005) gave a proof of principle of their concept and discussed the infl uence of the feed fl ow rate and the CO inlet concentration on the CO conversion and a selectivity measure.
In subsequent papers (Lu et al. 2008 , 2009 , HankeRauschenbach et al. 2009 ), the behavior of a cascade of two ECPrOx reactors was investigated. The authors studied two different electrical confi gurations. In the fi rst confi guration, both reactors were interconnected in an electrical series connection, whereas in the second option, they were interconnected in an electrical parallel connection. It has been shown both theoretically and experimentally ) that the last alternative is not advantageous at all (Figure 13 ). In this confi guration, both reactors are forced to synchronize to one single oscillation frequency, which is dictated by the second reactor downstream the cascade. This, in turn, leads to an extremely poor performance of the upstream reactor and, consequently, to a poor performance of the whole cascade ). In contrast, in the fi rst alternative, the single reactors can adjust to individual frequencies, which are determined by the local carbon monoxide level in each of the stages.
In two recent papers, Heidebrecht et al. (2010 Heidebrecht et al. ( , 2011 discussed the ECPrOx system in the context of a biomass-based fuel cell power plant and suggested a strategy for the design of cascades of ECPrOx reactors.
Related systems
Two recent studies report oscillatory conditions in PEMFCs that used electrode materials that are different from the ones used in the studies discussed earlier. Lopes et al. (2011) studied a PEMFC with a Pd-Pt/C electrode and investigated the infl uence of current density and feed fl ow rate on oscillation frequency. Kadyk et al. (2011) reported oscillatory behavior in a small PEMFC with a pure Pt anode. Figure 14 A shows the polarization curve of the Pt anode in comparison with a Pt/Ru anode. The curves were measured in a small cell ( A cell = 1 cm 2 ) operated with hydrogen at the cathode. As can be seen in the Figure, the potential at which the oscillations start lies in the Pt system at considerably higher overvoltages than in the Pt/Ru system, which was seen in context with the increased onset potential of the water dissociation (Zhang and Datta 2002 ) . Figure 14 B shows the iU curve of the system in fuel cell mode (i.e., with oxygen at the cathode).
Two-phase conditions in PEMFCs

Isothermal conditions
The formation of liquid water within the gas diffusion layers of PEMFCs and its interaction with reactant gas transport has been found to be a potential source of N-NDR behavior (Gr ö tsch et al. 2008 , Liu and Eikerling 2008 ) .
The prototype fuel cell model (P1) -(P4) may help to understand the qualitative effect of liquid water formation. Assume that the steady-state mass balances of vapor and oxygen in the catalyst layer are given by
where i is current density, k c ( )
are coefficients of the mass transfer between bulk phase and catalyst phase, respectively; they are assumed to be decreasing functions of c H O 2 because a high vapor concentration is related to a high liquid water concentration and the liquid water impedes the gas exchange.
The following discussion will show that for a certain value of an infi nite gradient | d U /d i| → ∞ results from (82) and (83). From (82), one gets steady state " in the following; the other has a water concentration c c
> and will be denoted as " fl ooded steady state. " The stability of the two steady states follows from a static stability analysis of (82). The right-hand side of (82) can be separated into a water production rate i /2 F and a water removal rate
, that water removal rate increases if the water concentration is slightly increased. As the water production rate is constant, the water removal will dominate and drive the system back to the dry steady state. Hence, the dry steady state is stable. The opposite holds at the fl ooded steady state, indicating instability of the fl ooded steady state.
The occurrence of multiple steady states due to liquid water formation is studied in detailed, spatially distributed models (Gr ö tsch et al. 2008 , Liu and Eikerling 2008 ) . Figure 15 shows simulation results for an isothermal two-phase model of a PEM fuel from Gr ö tsch et al. (2008) , which is a variant of the model equations developed by Ziegler et al. (2005) to describe their experimental results. The simulation results qualitatively agree with the discussion of the simple model from above.
Nonisothermal conditions
The case of nonisothermal conditions and presence of liquid water was analyzed in simulations by Lemoine -Nava et al. (2011) . A hysteresis behavior with three coexisting steady states in the catalyst layer or gas diffusion layer can be found if ambient temperature is used as the bifurcation parameter. If two layers in sequence are considered, the number of coexisting steady states may increase to fi ve for certain ambient temperatures (see Figure 16 ) .
Under nonisothermal conditions, N-NDR-type polarization curves can also be found if there is no liquid phase, as was shown in experiments by Fabian et al. (2006) and discussed in theoretical studies by Litster and Djilali (2007) (see Figure 17 ). According to Litster and Djilali, the coexistence of two steady states originates in this case from thermal effects: the stable steady state with a higher cell voltage has a low cell temperature, which leads to a high relative humidity at a given water concentration and hence a good conductivity of the membrane. The temperature of the coexisting unstable steady state is higher, leading to a lower relative humidity and a lower conductivity of the membrane. The higher temperature is explained by Litster and Djilali (2007) by larger irreversibilities and hence a larger heat production. 
Channel clogging
Several authors consider the formation of liquid water as a potential source of oscillations because liquid water may impede the transport of gaseous reactants (Benziger et al. 2007a , Kimball et al. 2008 , Siefert and Litster 2011 . The period of this kind of oscillations is in the order of magnitude of the time constant of the water balance. A simple model of the water accumulation in the system may illustrate one possible mechanism leading to oscillations under two-phase conditions. Simplifying a model for liquid water formation and transport by Gurau et al. (2009) , it is assumed that the • water transport between bulk phase and the MEA is due to a linear driving force such that the water balance reads 3.1.4. A remark on comma behavior A few remarks should be placed on the so-called comma behavior initially observed in DMFCs and PEMFCs. This effect was mistakenly brought in context with bistability by some authors (Katsaounis et al. 2005b ) .
In two initial studies, Mench and coworkers discussed current distribution data within a DMFC and a PEMFC . The authors measured the local current density at different locations in the direction along the channel for different load points. From these data, sets of local iU curves had been compiled. An example is shown in Figure 20 A. For certain operating conditions, the authors found some of the local iU curves exhibiting an N-NDR branch, which Mench and coworkers referred to as " comma-shaped " polarization curves (Figure 20 B) . Recently, Bessler et al. (2010) observed such a behavior in a solide oxide fuel cell as well.
The negative slope in the local polarization curves manifests in a local negative low-frequency impedance, which, for example, can be found in the data of Brett et al. (2001) or Schneider et al. (2007) .
The origin of this effect is seen as a consequence of the reactant depletion in the direction along the channel due to substoichiometric feeding or fl ooding (e.g., Brett et al. 2001 , Ju and Wang 2004 , Kulikovsky et al. 2005 , Liu et al. 2006 . Although some of the local polarization curves exhibit an NDR branch, the iU curve for the whole cell was always monotonously decreasing (Figure 20 B) . Consequently, the whole cell does not show any bistable behavior.
It is worth mentioning that Kulikovsky et al. (2004b) discussed such local N-shaped polarization curves as a possible origin for voltage oscillations, which they observed before (Kulikovsky et al. 2004a ) . With the help of an analytical stationary model of the cathode channel, the authors show that the fuel cell may locally possess two coexisting solutions (i.e., two different values of the cell voltage) for a given value of the current density. One of these solutions is stable, Saturation (CL) [-] Saturation (CL) [-] Saturation (GDL) [-] 68 69
Simple ( In this case, the water concentration varies with time in a sawtooth-like way, as is shown in Figure 18 .
An example for this kind of oscillations is given by Benziger et al. (2007a) (see Figure 19 ) . Benziger et al. (2007a) consider a PEMFC, where the reactant gases fl ow upward and have to fi ght against liquid water slugs moving downward. If the gas fl ows are high ( < 19,000 s in Figure 19 ), the effect of liquid water is small and the cell is in a stable steady state, but when the gas fl ows are reduced ( > 19,000 s), channel clogging occurs and oscillations are observed. and the other is unstable. It is suggested that during the oscillations, the system switches between these two steady states, but no simulations of oscillations that would support this conjecture are shown. This argument does not seem to be fully conclusive: Kulikovsky et al. (2004b) have shown that the overall polarization curve has no multiplicities (i.e., to each current density, there is a unique overpotential). As the authors assume a space-independent overpotential, this immediately excludes multiple steady states. Further, the oscillation between a stable and an unstable steady state is not a known scenario for periodic solutions. Another explanation for the oscillations might be the presence of liquid water, as the reported relative humidity in the experiments is rather high, but this explanation would need further verifi cation. Moxley et al. (2003) showed that multiple steady states may appear in PEMFCs Figure 18 Oscillations caused by liquid water formation and periodic removal of droplets. 
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Figure 19
Oscillations of the current in a PEMFC due to channel clogging (from Benziger et al. 2007a ) ; for high gas fl ow rates ( < 19,000 s), the fuel cell is in a stable operation mode, and reducing the gas fl ow rates causes oscillations. Reproduced from Benziger et al. (2007a) by permission of ECS -The Electrochemical Society. operated with reduced feed stream humidifi cation (so-called auto humidifi cation mode). Different startup strategies may lead to different stationary operation points, as illustrated in Figure 21 . If the membrane is initially dry, then its high electrical resistance results in low external cell voltage, low cell current, and hence low water production. The fi nal steady state is that of a dried out fuel cell. If, on the other hand, the membrane is suffi ciently humidifi ed at the beginning of the experiment, the cell voltage and resulting cell current are higher. This causes high water production, and the cell ends up in a well-humidifi ed state. Further insight in this bistable behavior is obtained from the current voltage curve measured by Benziger et al. (2005) (see Figure 22 ) . One can see that this curve consists of two parts, a polarization curve with high water content and a polarization curve with low water content. By varying the external ohmic load, one can switch between the two curves and reach one of two coexisting steady states. This surprising nonlinear behavior may be explained by the autocatalytic effect of the water in a PEMFC. Water is produced in the electrochemical reaction. It reduces the electrical resistance of the membrane, increasing the cell current at a given cell voltage and hence accelerates its own production. A simple analysis of the prototype fuel cell model introduced in the section Classifi cation scheme and prototype model may illustrate that the humidity dependence of the membrane resistance can cause polarization curves of the S-NDR type. Assume for simplicity that ξ stands for the water content of the fuel cell that the membrane resistance r mem depends on ξ only, the mass balance of ξ is independent of η , and the reaction rate j is independent of ξ . Then one obtains from (P1) + (P2), (P3), and (P4) under steady-state conditions
By differentiating (90) -(92) with respect to i , one obtains after some simple algebraic manipulations 
A necessary condition for an S-NDR type polarization curve is that the gradient d U /d I vanishes at some points. This condition can be fulfi lled here in principle because the • fi rst two terms on the right-hand side of (93) are negative because, in most cases, j increases monotonically with η ; the • last term is positive because, in most cases, f decreases monotonically with ξ .
For a slightly deeper analysis, some additional simplifi cations are introduced. Assume that
• r mem decreases linearly in a certain range of ξ :
the • water mass balance reads
(stirred tank behavior) Tafel • kinetics are valid:
Inserting (94) and (96) (98) Figure 23 shows the polarization curve of the simplifi ed prototype model. One can see that single minimum of the curve. Obviously, the model possesses only the lower half of an S-shaped polarization curve. This is due to the neglect of the concentration overvoltage in the reaction kinetics. The nonlinear behavior of more detailed and more realistic models of autohumidifi ed fuel cells studied by Chia et al. (2004 Chia et al. ( , 2006 and Hanke -Rauschenbach et al. (2008) , showing the complete S-shaped polarization curve (Figure 24 ) . Depending on the operation conditions, segments of these S-shaped curves may slip into operation regions with negative cell voltage, which are irrelevant for fuel cells. The diagram in Figure 24 E shows an example of this situation: the polarization curve is divided into two isolated parts: a lowcurrent branch and a high-current branch. When measuring such a polarization curve and starting from zero-current conditions, the high-current branch might be overlooked easily. Hanke -Rauschenbach et al. (2008) pointed out that the anomalies in the current-voltage curves only appear when gas fl ow rates are kept constant. The anomalies vanish when operating the fuel cell in a stoichiometric mode. However, this does not mean that the multiplicities are irrelevant for technical applications, as a stoichiometric operation is not possible in all cases. An example is microfuel cells, where the gas fl ow rates can only be adjusted in a limited way. Chia et al. (2004 Chia et al. ( , 2006 computed the bifurcation diagrams of lumped isothermal PEMFC models using cell temperature and resistance of the external load as bifurcation parameters. For more complicated expressions of the membrane resistance, they fi nd a coexistence of up to fi ve steady states. Nazarov and Promislow (2006) proposed a rather detailed spatially distributed model of an autohumidifi ed PEMFC. This model was able to reproduce the polarization curve measured by Benziger et al. (2005) and accurately presented in Figure 22 (see Figure 25 ). In this model, the steady-state solutions on the polarization curve with low water content are characterized by a partially humidifi ed membrane. The region of the membrane with low humidity was separated from the region with high humidity by a steep front of the water content.
3.2.1.2. Dynamic behavior Two types of dynamic behavior of autohumidifi ed PEMFCs are discussed in the literature. The fi rst type is transients from one stable steady state to another stable steady state, especially transients from a humidifi ed state to a dry state or vice versa. The second type is autonomous periodic oscillations. Both types are discussed in the following. Benziger et al. (2005) studied the response of an autohumidifi ed PEMFC to a decrease in external load resistance, which is related to a transition from the low-water-content branch of the current-voltage curve to the high-water-content branch. Figure 26 illustrates the different time constants that characterize such a response. Initially, there is a fast overshooting of the cell current, probably caused by the capacities of the double layers. Further, one recognizes a delayed increase in relative humidity on the anode side, with a delay time of about 100 s. Benziger et al. (2005) explain this with the water uptake of the membrane and the water transport through the membrane. Finally, there is a long-term response after about 1500 s that is harder to explain. Benziger et al. (2005) speculate that the observed increase of humidity after 1500 s is related to membrane swelling and mechanical stress in the membrane.
Interestingly, the dynamic behavior is very different if the external load resistance is increased instead of decreased (transition from the high water content branch to the low water content branch), as was pointed out by Benziger et al. (2005) and Hogarth and Benziger (2006) . An asymmetric dynamic response is found with much longer time constants when the load resistance is increased (see Figure 27 ) . Benziger et al. (2005) attribute this long response time to water absorption or desorption from the membrane and mechanical relaxation processes of the membrane. Nazarov and Promislow (2006) use their spatially distributed PEMFC to investigate the observed slow dynamics. In their simulations, the long response times are caused by water fronts creeping through the membrane, as illustrated in Figure  28 . The formation and migration of wet spots in PEMFCs are also studied in simulations and experiments by Benziger et al. (2007b) and De Decker et al. (2010) .
Oscillatory behavior of PEMFCs is observed in several experimental studies (Atkins et al. 2004 , Kulikovsky et al. 2004a , Benziger et al. 2007a , Sanchez et al. 2010 . Atkins et al. (2004) measure autonomous oscillations under potentiostatic operation of a PEMFC, when the feed stream humidifi cation is reduced (see Figure 29 ) . They attribute this to the humidity-dependent resistance of the membrane, which has been discussed as one potential source of oscillations in Sec. 2. Recently, Sanchez et al. (2010) studied oscillations under potentiostatic conditions in detailed experimental investigations. They also attribute the oscillatory behavior to the humidity-dependent conductivity of the membrane in combination with the water transport, but, in addition, consider the presence of liquid water on the anode side as essential for the oscillations in their experiments.
Oscillations with an extremely long period of up to 10 4 s were measured by Benziger et al. (2004 Benziger et al. ( , 2005 . Benziger et al. (2005) suggested that mechanical stressing of the membrane due to swelling and the resulting varying interfacial contact between membrane and electrode are responsible for this behavior. A mathematical model for the mechanical compression of the membrane in a PEMFC is given by Nazarov and Promislow (2007) , but oscillatory solutions of the fuel cell model are not reported.
High-temperature fuel cells
The electrical conductivity of the electrolyte in SOFCs and MCFCs strongly depends on the fuel cell ' s temperature (e.g., Ju et al. 2008 ) . Apparently, there is an analogy between the humidity dependence of the membrane in PEMFCs and the temperature dependence of the electrolyte in high-temperature fuel cells. In autohumidifi ed PEMFCs, the water generated by the electrochemical reaction increases the conductivity and may create wet spots, as has been discussed earlier. In hightemperature fuel cells, the heat released by the electrochemical reaction increases the cell temperature and hence the electrolyte ' s conductivity. For a given cell voltage, this leads to a higher cell current and to the generation of more heat. In other words, there is a self-accelerating effect analogous to water formation in PEMFCs. This was discussed in modeling studies by Mangold et al. (2006) . A lumped and a spatially distributed variant of an SOFC model were analyzed. In the lumped case, the polarization curves were qualitatively similar to those obtained by Hanke -Rauschenbach et al. (2008) . It is found that multiple steady states exist for potentiostatic operation or when the fuel cell is coupled to a constant ohmic load. No multiplicities exist for galvanostatic operation. The situation becomes more complicated when spatial dependencies are taken into account. This brings additional degrees of freedom for the current density. In the lumped case, the electrical current is fi xed by galvanostatic operation, whereas in the spatially distributed case, the local current density can vary, with the only restriction that the spatial integral over the current densities equals the external imposed current. This allows multiple states of a spatially distributed system in the galvanostatic case. The coexisting steady states differ by the spatial profi les of current density and temperature. The calculations of Mangold et al. (2006) showed that channels of high current density can form, which are connected to hot spot regions and result in more complicated polarization curves.
A more general high-temperature fuel cell model was analyzed by Mangold et al. (2004) , which showed that with increasing dependence of reaction rates and ohmic resistance on temperature, complex spatial patterns may form and a high number of stationary solutions may coexist.
Summary and conclusions
A prototype model to illustrate and classify nonlinear operating behavior in fuel cells has been introduced within the an NDR. Two different types of such an NDR branch can be distinguished: N-NDR and S-NDR. An N-NDR branch ends in two vertical tangents in the iU -phase plane. Systems possessing such an NDR branch can exhibit bistability under galvanostatic control but not under potentiostatic control. An S-NDR branch ends in two horizontal tangents in the iUphase plane. Such systems can exhibit bistability under potentiostatic control but not under galvanostatic conditions.
The discussion of the prototype model revealed the existence of three main classes of system properties leading to an NDR branch. This fi nal summary is to collect all observations and predictions for nonlinear operating behavior and to briefl y discuss them according to the origin of the NDR branch. A corresponding survey can be found in Table 2 .
The fi rst class of phenomena originates from the ion transport through the electrolyte material. To create an NDR, a state-or potential-dependent electrolyte resistance is required. Clear examples of such a behavior can be found in PEMFCs operated under reduced feed stream humidifi cation (so-called autohumidifi cation mode) at constant fl ow rate (Sec. 3.2.1) as well as in high-temperature fuel cells (Sec. 3.2.2). In both cases, the product of the electrochemical reaction -water in the case of the PEMFC, and thermal energy released in the electrochemical reaction in the case of the high-temperature fuel cell -leads to a decrease in electrolyte resistance. Bistable iU curves of the S type have been observed or predicted under such conditions. PEMFCs operated at low hydrogen partial pressure might also be counted to this class (Sec. 3.1.1). According to the hypothesis of Katsaounis et al. (2005a) , a potential-dependent membrane resistance is responsible for the corresponding experimental observations. In this case, the ion transport causes an N-shaped current-voltage curve.
The second class of phenomena originates from nonlinear electrochemical surface kinetics at one of the electrodes of fi rst part of this article. It was discussed that nonlinear operating behaviors, such as bistability or oscillations, can often be traced back to a branch of the current-voltage curve exhibiting Here, the surface coverage of hydrogen, which is the reactant of the main faradaic reaction at the anode, is infl uenced at elevated electrode potentials by the dissociation of water toward the catalyst surface. As a consequence, an N-NDR branch is formed, which, however, gets hidden under steady-state conditions by the CO electro-oxidation. Due to an interaction of the fast N-NDR system with the slower dynamics of the CO, oscillation occurs under galvanostatic control. Another example for the second class might be PEMFCs operated at low hydrogen partial pressure. Following the alternative hypothesis raised in Sec. 3.1.1, the water dissociation at elevated electrode potentials leading to a OH blockade might be responsible for the observed N-shaped iU curve, instead of a potential-dependent membrane resistance. The third class of phenomena originates from nonlinearities other than ion transport in the membrane or electrochemical surface kinetics. So far, one example for this last class can be identifi ed in studies discussed above. The self-inhibition of the transport of product water within the porous structures was found to lead to bistability (Sec. 3.1.3). As the oxygen transport toward the cathode catalyst layer gets affected by the presence of the product water, this nonelectrochemical nonlinearity projects an N-NDR branch into the iU curve of the cell.
The majority of the reviewed articles on nonlinear operating behavior in fuel cells deal with PEMFCs, which allow further conclusions for this fuel cell type. In an earlier article, Eikerling et al. (2006) summarized issues on water management in PEMFCs. Emphazising the special role of water, the authors titled their article with the question, " Water in polymer electrolyte fuel cells: friend or foe ? " The studies on PEMFCs, discussed above, revealed water to be an important factor for nonlinear operating behavior as well. As can be seen from the collection given in Table 2 , in the case of the PEMFC, water is involved in all three mentioned classes. On the one hand, water-dependent membrane resistance can be the origin of S-type iU curves. On the other hand, the transport of product water within the porous structures of the cell might lead to N-NDR behavior. Finally, the dissociation of water toward the catalyst surface at elevated anode potentials causes N-NDR behavior or oscillations in the presence of CO. One might speculate that some of the fi ndings on oscillatory behavior in the absence of CO might also be due to an interaction of the mentioned subsystems. Further efforts are required to work out a conclusive theory.
Finally, a few remarks on the technical relevance of the fi ndings collected in this review should be placed. Some of the discussed phenomena seem to occur under rather exotic conditions. For instance, the operation of PEMFCs at low hydrogen partial pressure might not occur in a technical implementation. Other fi ndings have a clear technical relevance. A good example is the oscillatory behavior of PEMFCs during the exposure to CO-containing gases. As has been discussed in detail, plenty of work has been done in order to make use of this effect. In general, it can be stated that the knowledge and understanding of nonlinear effects in fuel cells are essential for preventing, mastering, or exploiting them systematically in order to ensure a reasonable and effi cient operation of fuel cells.
